The systematic of the spontaneous fission half-lives for the nuclei 242−262 No is analyzed, within a least action scheme, with the parametrization D1M of the Gogny energy density functional. The properties of the dynamic (least action) fission paths are analyzed and compared to those of the static (minimal energy) ones. The constrained Hartree-Fock-Bogoliubov approximation is used to compute deformed mean-field configurations, zero-point quantum corrections and collective inertias. It is shown that a cumbersome full variational search of the least action fission path, within the space of HFB states, might not be required if the relevant degrees of freedom are taken into account in the minimization of the Wentzel-Kramers-Brillouin action. The action is minimized in terms of pairing fluctuations that explore the pairing content of the HFB states along the fission paths of the considered nuclei. It is found that, for a given shape, the minimum of the action in fermium and nobelium nuclei corresponds to a value of the pairing fluctuations larger than the one associated with the minimal energy solution for the same shape. The reduction of the action, via larger pairing correlations, has a significant impact on the predicted spontaneous fission half-lives improving their comparison with the experiment by several orders of magnitude.
The systematic of the spontaneous fission half-lives for the nuclei 242−262 Fm and 250−260 No is analyzed, within a least action scheme, with the parametrization D1M of the Gogny energy density functional. The properties of the dynamic (least action) fission paths are analyzed and compared to those of the static (minimal energy) ones. The constrained Hartree-Fock-Bogoliubov approximation is used to compute deformed mean-field configurations, zero-point quantum corrections and collective inertias. It is shown that a cumbersome full variational search of the least action fission path, within the space of HFB states, might not be required if the relevant degrees of freedom are taken into account in the minimization of the Wentzel-Kramers-Brillouin action. The action is minimized in terms of pairing fluctuations that explore the pairing content of the HFB states along the fission paths of the considered nuclei. It is found that, for a given shape, the minimum of the action in fermium and nobelium nuclei corresponds to a value of the pairing fluctuations larger than the one associated with the minimal energy solution for the same shape. The reduction of the action, via larger pairing correlations, has a significant impact on the predicted spontaneous fission half-lives improving their comparison with the experiment by several orders of magnitude. 
I. INTRODUCTION
Disentangling which are the most relevant degrees of freedom in the fission of the atomic nucleus still remains a major challenge in today's nuclear structure physics [1] [2] [3] [4] . Fission is traditionally portrayed as the smooth evolution of the nuclear shape from the one of the ground state to the shape at scission. Shape evolution is governed by both subtle quantum mechanics effects and the competition of global properties of the nuclear interaction like surface properties and Coulomb repulsion. The dynamics of shape evolution is usually described in terms of a Hartree-Fock-Bogoliubov (HFB) mean field with constrains on some deformation parameters Q like the quadrupole moment, hexadecapole moment or necking. The evolution of the energy with deformation leads to a potential energy curve (or surface, in the general case) (PES) that, along with some collective inertias, can be used to determine fission observables like spontaneous fission lifetimes (t SF ) which are traditionally computed within the Wentzel-Kramers-Brillouin (WKB) framework used to describe tunneling through a barrier. Super-heavy nuclei (Z > 100) belong to the class of nuclei where there is no classical fission barrier and therefore only quantal effects are responsible for their stability. Therefore, they are the perfect laboratory to understand the subtle quantal effects relevant in the dynamics of fission [5] . The insight gained on the properties of those quantal effects can provide key information on the very limits of nuclear stability and the existence of superheavy nuclei beyond Oganesson [6] . Among super-heavy nuclei, extensive experimental studies [7] have been able to determine the spontaneous fission lifetime of a wealth of isotopes of fermium and nobelium. On the other hand, the reproduction of the inverted parabola behavior of t SF as a function of neutron number characteristic of both isotopic chains has been a challenge for microscopic mean field models. For these reasons, we have chosen the two mentioned isotopic chains as the subject of our present study.
In recent years, the constrained mean-field approximation [8] has emerged as a useful tool to study the gross features of fission from a microscopic perspective [4] . Calculations are typically carried out with (effective) nonrelativistic interactions like Gogny [9] [10] [11] [12] [13] [14] [15] [16] [17] , Skyrme [18] [19] [20] [21] [22] , and Barcelona-Catania-Paris-Madrid (BCPM) [23] [24] [25] or with relativistic [26] [27] [28] [29] [30] energy density functionals (EDFs). One of the main outcomes of those mean-field calculations is the potential energy surface given as a function of quadrupole, octupole, . . ., or necking deformation parameters Q = (Q 20 , Q 22 , Q 30 , . . ., Q N eck ) and determined by self-consistent HFB constrained calculations. Moreover, the mean-field framework also provides the associated collective inertias as well as the quantum zero-point rotational and vibrational energy corrections. All those ingredients are required to compute fission observables like, for example, the spontaneous fission halflives t SF . Some studies [5, [30] [31] [32] comparing the predictions of the different interactions just mentioned come to the conclusion that the differences found among them are at the quantitative, not the qualitative, level.
Within the standard approach, the HFB wave functions along the fission path are obtained by minimizing the constrained HFB energy in accordance to the Ritz- -1845
The HFB plus rotational correction energy corresponding to the static fission path is plotted, as a function of the quadrupole moment Q20, for the nucleus 252 No.
variational principle [8] . In the last few years we have resorted to this approach to describe the fission properties of even-even Ra, U and Pu nuclei as well as for a selected set of super-heavy elements [33] [34] [35] using the three most important parametrizations of the Gogny-EDF, namely, D1M [36] , D1N [37] and D1S [9] . Special attention has also been paid to understand the uncertainties in the predicted t SF values arising from the different building blocks entering the semi-classical WKB formula used to compute them. For instance, it has been found in those studies that modifications of a few per cent in the pairing strengths can have a significant impact on the collective masses leading to uncertainties of several orders of magnitude in the predicted t SF values. Though there is a large variability of the predicted t SF values with respect to the details involved in their computation, it has also been shown that this mean field framework produces a robust trend with neutron number for the considered even-even nuclei and the changes in the different building blocks only amount to a parallel displacement of the curves. Similar conclusions can be extracted from recent fission studies for odd-mass U, Pu and No nuclei [40, 41] within the Equal Filling Approximation (EFA) [42] . The calculations mentioned above belong to the so called "static" category where the guiding principle is the least energy principle. This is considered to be just an approximation to the "least action" principle, known as the "dynamic" approach, involving the minimization of the action associated with a given set of relevant coordinates. It is thought that the dynamic approach is better suited to describe the tunneling through the barrier. It is well known that both the static and dynamic approaches provide similar results [43, 44] justification for using the simpler static approach. However, the key role played by pairing degrees of freedom in the dynamics of fission was already pointed out in Ref. [45] . It was found that the competition between the collective inertia (decreasing as the inverse of the square of the pairing gap [46, 47] ) and the energy (increasing as the square of the pairing gap) leads to a minimum of the action at a larger pairing gap than the one corresponding to the minimum energy approach. A number of spontaneous fission studies have already considered the effect of pairing fluctuations in fission [48] [49] [50] [51] [52] [53] [54] showing that including pairing as a dynamical variable produces a reduction of a few orders of magnitude in the computed t SF values as compared to the ones obtained within the static approach. Moreover, pairing fluctuations can also restore axial symmetry along the fission path [52, 53] .
Another observable of interest is the fission fragments' mass distribution. This quantity can be studied microscopically within time dependent approximations like the Time Dependent Generator Coordinate Method (TDGCM) [55] [56] [57] [58] [59] , stochastic time dependent HF+BCS [60] or the Time Dependent HFB (TDHFB) [61] [62] [63] requiring enormous computational resources. It has been shown [58] that increasing the pairing strength by a few percent modifies in a substantial way the fragments' mass distribution, showing the relevance of the pairing degree of freedom also in this respect. Therefore, it would be very interesting to extend the present framework, based on the least action principle, to the time dependent case, but this is out of the scope of this paper.
Recently, we have studied the predictions for spontaneous fission half-lives within a least action scheme based on the Gogny-D1M EDF for a selected set of U isotopes [44] . On the one hand, our calculations corroborate that the static and dynamic approaches lead to similar results when shape degrees of freedom are the only ones considered. On the other hand, the results show the large impact on the action coming from the particle number fluctuation ∆N 2 degree of freedom (a quantity connected with pairing correlations). For a given nuclear shape, labeled by the quadrupole moment Q 20 , the minimum of the action, in the direction of the ∆N 2 variable, can be up to a factor of three smaller than the value of the action for the minimum energy state with the same Q 20 value. This reduction has a strong impact on the predicted t SF values and dramatically improves the agreement with the experiment in the case of 232−238 U. In this paper we consider again the particle number fluctuation ∆N 2 as the relevant degree of freedom in the minimization of the action and use this framework to compute the spontaneous fission half-lives for the superheavy isotopes 242−262 Fm and 250−260 No. The choice is driven by the existence of experimental data for those isotopes [7] and also because they belong to a region of the nuclear chart where the shell effects characteristic of super-heavy elements with Z > 100 start to manifest [17, 40] . Moreover, accounting for the experimental bellshaped dependence of the spontaneous fission half-lives as functions of the neutron number [7] in fermium and nobelium nuclei represents a very challenging test for any model of fission.
In the calculations we have used the Gogny-D1M EDF [36] . The suitability of the Gogny-D1M EDF to describe fission in heavy and super-heavy nuclei has been demonstrated in previous studies [33-35, 40, 41] where the results for barrier heights, excitation energies of fission isomers and half-lives have shown a good agreement with experimental data. The comparison with other theoretical studies using other parametrizations [10, 15, 17, 24] is also satisfactory. This is a nice feature as the parametrization D1M does a much better job in reproducing nuclear masses [36] than D1S. In addition, D1M performs as well as D1S in the description of nuclear structure phenomena [64] [65] [66] [67] [68] [69] [70] .
The paper is organized as follows. In Sec. II, we briefly outline the procedure to find the least action path using the quadrupole moment Q 20 and particle number fluctuation ∆N 2 as relevant coordinates. No and the properties of the least action paths are presented in Sec. III B where we also compare with results obtained within the static framework. Finally, Sec. IV is devoted to the concluding remarks and work perspectives.
II. THEORETICAL FRAMEWORK
The mean-field approximation based on (product) HFB wave functions [8] has been used in the present study. Constrains in the mean value of the axially symmetric quadrupoleQ 20 and octupoleQ 30 operators as well as on the particle number fluctuations ∆N 2 [44] have been used. Though it will not be mentioned explicitly, in all the HFB calculations discussed below, aside from the usual constrains on both the proton and neutron numbers [8] , a constrain on the operatorQ 10 is used to prevent spurious effects associated to the center of mass motion. Note, that parity is allowed to be broken at any stage of the calculations as required by the physics of asymmetric fission.
The HFB quasiparticle operators, have been expanded in an axially symmetric (deformed) harmonic oscillator (HO) basis containing states with J z quantum numbers up to 35/2 and up to 26 quanta in the z direction. They correspond to those satisfying the condition 2n ⊥ + |m| + q n z ≤ M z,MAX with M z,MAX = 17 and q = 1.5. This choice is well suited for the elongated prolate shapes typical of the fission process [15, 24] . The two HO lengths b z and b ⊥ have been optimized so as to minimize the total HFB energy for each value of the quadrupole moment. The computationally expensive oscillator length optimization along with the large HO basis used guarantees good convergence in the potential energy surface in the relevant range of shape deformation [15] . An approximate second order gradient method [71] has been used for the solution of the HFB equation. The main reason for this choice is the clear advantage of this type of methods over the more traditional successive diagonalization method when many constrains are imposed. As it is customary in all the Gogny force parametrizations, the two-body kinetic energy correction, including the exchange and pairing channels, has been taken into account in the Ritz-variational procedure. On the other hand, the Coulomb exchange term is considered in the Slater approximation [72] while the Coulomb and spin-orbit contributions to the pairing field have been neglected.
Within the WKB formalism the t SF half-life (in seconds) is given by
where the action S along the (one-dimensional Q 20 -projected) fission path reads 
The integration limits a and b are the classical turning points [46] for the potential V (Q 20 ) corresponding to the energy E Min + E 0 . The energy E Min corresponds to the ground state minimum for the considered path while E 0 accounts for the true ground state energy once quadrupole fluctuations are taken into account. In this work, we have taken the typical value E 0 = 0.5 MeV [15, 17] . In Eq. [73] [74] [75] to the Adiabatic Time Dependent HFB (ATDHFB) scheme. The second method is based on the Gaussian Overlap Approximation (GOA) to the GCM. Details on how to compute the required quantities can be found, for instance, in Refs. [3, 4] . As it is customary in fission calculations, the coupling with other degrees of freedom in the evaluation of the collective mass is neglected within both the ATDHFB and GCM schemes [44] and only the quadrupole inertia is considered. The rotational energy correction ∆E ROT has been computed in terms of the Yoccoz moment of inertia [76] [77] [78] .
In order to compute t SF using the least action frame- work we have followed the procedure described below in order to find a good approximation to the least action path. To illustrate the practical aspects of the methodology employed we use the nucleus 252 No as an example.
Step 1: We have first determined the least energy (i.e., static) fission path for 252 No as a function of the axially symmetric quadrupole moment Q 20 using the HFB mean field procedure. Zero-point quantum rotational and vibrational energies have been added a posteriori to the HFB energies. Step 2: For each of the different Q 20 -configurations along the static path of 252 No obtained in Step 1, we have performed a set of HFB calculations with constrains on both ∆N 2 andQ 20 . The constrained value of ∆N 2 starts at the self-consistent value ∆N 2 self and is increased until the minimum of the action of Eq. (2) is reached. We use a small step size and typically of the order of 20-30 values of ∆N 2 are considered. In principle one should vary independently the particle number fluctuation for protons and neutrons but this would have a great impact on the computational cost of the calculation. We have also checked that an independent variation of protons and neutrons do not bring much as compared to the variation of the total particle number fluctuation. This minimization search is performed for both the action obtained with the ATDHFB collective inertia as well as the one with the GCM collective mass. In this way we obtain two dynamically determined paths which have energies larger than the ones of the minimum energy path but for which the corresponding actions are minimized. By using this approximate way to find the minimum action configuration we avoid the use of sophisticated linear programming techniques required by the full minimization approach.
III. DISCUSSION OF THE RESULTS
In this section, we discuss the results of our calculations. First, in Sec. III A, we illustrate the methodology employed to compute the dynamic path in the case of 252 No. The same methodology is employed for all the studied nuclei. The HFB plus rotational correction energies corresponding to the dynamic ATDHFB and GCM fission Large differences are also found at the spherical configuration lying 34.78, 29.31 and 20.46 MeV above the absolute minima of the least action ATDHFB, GCM and the static paths, respectively. Obviously, both kinds of barriers (static and dynamic) can not be compared as they come from different approaches but the big differences observed raise the question about the suitability of comparing the minimum energy barrier heights with the experimentally determined ones [79] .
As self . The same is also true for the HFB plus the zero-point rotational energy.
As it is well known, the ATDHFB masses are typically larger than the GCM ones [24, 33-35, 38, 40, 41] . As a consequence, the action in the exponent defining t SF Eq. (1) is, in the ATDHFB case, larger than the GCM one. Depending on the value of the action, this difference can represent a change of several orders of magnitude in the predicted t SF values [33-35, 40, 41] . This is the reason to consider both kinds of collective inertias in this study. In panels (b) and (c) of Fig. 3 , we have plotted the GCM and ATDHFB inertias as functions of ∆N 2 for Q 20 = 14, 26, 44 and 70 b. Regardless of the numerical differences between both schemes, the collective masses decrease for increasing ∆N 2 . This agrees well with the inverse dependence of the collective masses on the square of the pairing gap [46, 47] . Fig. 3 . Both the GCM and AT-DHFB actions are given. As can be seen, the integrand displays a minimum at a value ∆N 2 substantially larger than the one corresponding to the self-consistent minimal energy solution, i.e., ∆N = 14 while, the minimum value of S AT DHF B (Q 20 = 44b) turns out to be 4.3781 10 −3h for ∆N 2 = 27. This kind of quenching, within both the GCM and ATDHFB schemes, reduces considerably the action S Eq.(2) that appears in the exponential of the spontaneous fission halflife Eq.(1). The impact on the predicted t SF values is therefore of exponential character. For example, in the case of 252 No, the least action approach leads to the GCM and ATDHFB values log 10 t SF = 3.1819 (t SF in s) and log 10 t SF = 3.9838, respectively. They should be compared with the values log 10 t SF = 9.3878 and log 10 t SF =11.6662 obtained within the static GCM and ATDHFB schemes [40] . The strong reduction observed in the dynamic GCM and ATDHFB spontaneous fission half-lives, brings them in closer agreement with the experimental value [7] .
One important characteristic of the dynamic calculation is its dependence with the parameter E 0 entering the definition of the action Eq. (3). Its role is different from the one of the static case, where E 0 only serves to set up the integration interval in the action. The parameter E 0 can be estimated using the curvature of the energy around the ground state minimum of the fission path and the values of the collective inertias [21, 35] . However, we have followed the usual recipe of considering it as a free parameter. In particular, the results already discussed have been obtained with E 0 = 0.5 MeV, a value already employed in previous studies [15, 24, 33-35, 40, 41] . Nevertheless, calculations have also been carried out with E 0 = 1.0 MeV [24, 33-35, 40, 41, 54] to test the sensibility of t SF to this parameter. The least action spontaneous fission half-lives for E 0 = 1.0 MeV are log 10 t SF = 1.4302 s (GCM) and log 10 t SF = 2.1485 s (ATDHFB). Therefore, as in the static approach [24, 33-35, 40, 41] , increasing E 0 (from 0.5 to 1.0 MeV) also provides a reduction in the dynamic t SF values. This might lead to a better comparison with the experiment [7] . However, as all the trends with neutron number obtained in this study remain qualitatively the same regardless of the E 0 value used, in what follows we will restrict our discussions (see, Sec. III B) to those results obtained with E 0 = 0.5 MeV. Previous studies within the static framework have pointed out the role of triaxiality for configurations around the top of the inner barrier (see, for example, [10, 26, 33] ). Typically, triaxiality reduces the height of the inner barrier by a few MeV. However, the lowering of the inner barrier comes together with an increase of the collective inertia [22, 30] Results corresponding to the static GCM and ATDHFB schemes [34] are also included in the plot. The experimental tSF values are taken from Ref. [7] .
in the final value of the action. Therefore, the impact of triaxiality in the of t SF value is expected to be very limited and it has not been considered in this study. Previous studies [22] analyzing the dynamic path to fission have corroborated the insignificant role played by triaxiality to determine lifetimes. Moreover, it has also been shown recently, that pairing fluctuations can restore axial symmetry along the fission path [52, 53] . The absolute minima of the static and dynamic paths, shown in Fig. 4 Calculations have been carried out with E0 = 0.5 MeV. Results corresponding to the static GCM and ATDHFB schemes [40] are also included in the plot. The experimental tSF values are taken from Ref. [7] .
plotted in panels (a) and (b) of Fig. 6 as functions of the neutron number N. The inner barrier heights corresponding to the static paths in those nuclei are also included in the plot. In the case of Fm isotopes, the maximum of B I is reached at N = 150 for both the static and dynamic paths. The same is also true for the dynamic paths in No isotopes but, in this case, the maximum static B I value corresponds to N = 152. For both isotopic chains the largest B I values are the dynamic ATDHFB ones. Let us stress that, as already discussed in Sec. III A, larger dynamic barrier heights arise from the fact that at the Q 20 -configurations corresponding to the top of the inner barriers the energies display an almost parabolic behavior as functions of the particle number fluctuations ∆N 2 . This combined with a reduction of the collective inertias leads to a minimum of the action for those Q 20 -constrained configurations.
In Figs. 7 and 8 , the spontaneous fission half-lives predicted within the dynamic GCM and ATDHFB schemes are depicted as functions of the neutron number for the nuclei 242−262 Fm and 250−260 No. They are compared with the available experimental data [7] . Results corresponding to the static GCM and ATDHFB schemes are also included in the plot for the sake of comparison. On the one hand, the static approximation already ac-counts qualitatively for the experimental bell-shaped dependence of the spontaneous fission half-lives as functions of the neutron number [7] in Fm isotopes. However, the least action framework provides, via larger pairing correlations, a reduction of several orders of magnitude in the predicted (dynamic) GCM and/or ATDHFB t SF values. For example, in the case of 252 Fm the static GCM and ATDHFB schemes lead to the values t SF = 2.3950 × 10 14 s and t SF = 2.5686 10 18 s, respectively [34] . On the other hand the dynamic GCM and ATDHFB values are t SF = 0.7492 × 10 7 s and t SF = 0.3456 × 10 9 s, i.e., the least action approach provides reductions of 7 and 9 orders of magnitude in the predicted spontaneous fission half-lives. As can be seen from Fig. 7 , such a reduction of several orders of magnitude occurs for all the considered Fm isotopes and improves dramatically the comparison with the experiment. The same holds true for the No isotopes displayed in Fig. 8 , except for the curvature of the experimental values around N = 152 that is not yet fully accounted for. Another interesting feature of the results shown in the figures is that the predictions of the static GCM and ATDHFB schemes tend to get closer within the dynamic framework. These results, and the ones obtained in our previous study [44] , suggest that the least action framework might be considered a reasonable starting point to improve the predictive power of the HFB approach when applied to the computation of spontaneous fission half-lives.
Other calculations of t SF using the Gogny-D1S [15] or the Skyrme-SkM* EDFs [21] in the static approach lead to a good agreement with the experimental data. This is not the case for our static results with D1M. The reason for the discrepancy with D1S is the smaller collective inertia as compared to the D1M one and consequence of a larger pairing strength in D1S [33] . In the Skyrme-SkM* case, the pairing strength is adjusted to the pairing gaps in 252 Fm and therefore, it is very likely that it includes in an effective way other effects beyond the HFB theory that give inertia values better suited to reproduce the experimental t SF .
IV. CONCLUSIONS
In this paper, we have considered a least action approach to compute the spontaneous fission half-lives t SF for a selected set of fermium and nobelium nuclei. To this end, calculations have been carried out within the constrained HFB method and the Gogny-D1M EDF. The axially symmetric quadrupole moment Q 20 and the particle number fluctuation ∆N 2 have been identified as the relevant degrees of freedom for the minimization of the WKB action. The parabolic behavior of the energy as a function of ∆N 2 together with the corresponding decrease of the (GCM and/or ATDHFB) collective masses leads to a minimum of the action at a ∆N 2 value larger than the selfconsistent one. As a consequence, the dynamic GCM and/or ATDHFB fission paths exhibit major differences with respect to the static ones for both the spherical configuration as well as for configurations around the top of the inner barriers for all the nuclei studied. As functions of the neutron number, the maxima of the inner barrier heights correspond to N ≈ 152. Moreover, the larger pairing correlations of the dynamic path with the subsequent reduction of the action, provide dynamic GCM and ATDHFB spontaneous fission half-lives which are several orders of magnitude smaller than the corresponding static predictions improving dramatically the comparison with the available experimental data. It is also found, that the values of t SF predicted within the static GCM and ATDHFB schemes tend to get closer within the dynamic framework. These findings are in line with previous studies in Ref. [44] . The pairing enhancement along the dynamic path could be simulated in an effective way by increasing the pairing strength parameter of the interaction [33] .
A long list of task remains to be undertaken. For example, in this work we have resorted to a single constrain on the operator ∆N 2 associated with the (total) particle number fluctuations. A more realistic approach could be to consider separate constrains ∆Ẑ 2 and ∆N 2 on the proton and neutron number fluctuations, respectively. We have considered both the GCM and ATDHFB collective inertias within the perturbative cranking approximation. The use of a nonperturbative approach for the computation of the collective inertias as well as the coupling with degrees of freedom other than the quadrupole one also remain to be explored within the employed least action framework. Work along these lines is in progress and will be reported elsewhere.
